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Introduction
The first demonstration of optical trapping with a laser beam (laser tweezers) by Ashkin in 1970 opened the door to studies and applications in a variety of fields [1] . One important application of laser tweezers is label-free particle sorting, which is critical for several biological and clinical applications. However, a laser tweezer has limited ability to sort particles because of its inherent constraint of trapping one particle at a time. While systems have been developed to trap multiple particles using dynamic tweezers [2] or collections of tweezers operating simultaneously [3] , such systems are complicated and do not easily scale to large numbers of particles. Optical methods using interference fields have been able to demonstrate increased optical sorting throughput compared to optical tweezers and work primarily with the operation of spatial light modulators for periodic fringes [4] [5] [6] .
Recently, recognition that the evanescent fields in waveguides can produce sufficient forces to trap and propel particles has become of significant interest as a potential means to efficiently sort large numbers of particles. The application of cell sorting is an essential step in many biological assays and is vital for various applications, ranging from disease diagnostics and drug treatment analysis for conducting fundamental studies on cells [7] .
The theory of the forces exerted on particles by evanescent fields has been studied in detail [8] , and it has been shown that the total force on the particles is directed towards the waveguide and in the forward direction of light propagation [9] . In the past, evanescent fields have been used to sort particles on Y-junction branches [10] , ARROW chips [11] , and 3-dB optical splitters [12] . These sorting methods can differentiate two groups of particle sizes, but are not designed to sort a variety of sizes at the same time. Other researchers have shown the potential for multiple particle separation directly on a strip waveguide based on size-specific particle propulsion velocities [13, 14] , and Gruijic observed that single particles show an increase in velocity with particle size [15] . However, these studies have only investigated and demonstrated particle separation at high guided powers (~138-275 mW) on isolated particles (i.e. 100-μm separation between each particle) to avoid deleterious effects of particle interaction.
The high refractive index contrast in silicon nitride waveguides, compared to waveguides created by potassium or cesium ion exchange, leads to a faster evanescent wave decay; which leads to larger gradients of the evanescent field and exhibits high optical forces on microparticles [9] . The refractive index contrast (Δn ~0.52 as compared to Δn ~0.12 for silicon oxide waveguides in water) enables waveguides of sub-micron thickness (~200-nm). These thin waveguides create large evanescent fields outside of the waveguide for particle propulsion and allows for operation at low guided powers. Recent papers on silicon nitride waveguides for particle manipulation have investigated microparticle transportation processes using microring-resonators and tapered-waveguide junctions, but have yet to show optical separation by size [16, 17] .
In this paper, we demonstrate two complimentary optical separation methods with the use of silicon nitride strip waveguides at significantly lower guided powers than has been previously demonstrated for a mixture of heterogeneous particle sizes (i.e. below 40 mW). The first regime of optical separation, which we term threshold velocity particle separation (<30 mW), operates by propelling small particles (2 μm and/or 4 μm) while leaving large particles (8 μm and 10 μm) stationary. In the second regime of optical separation, which we term terminal velocity particle separation (>30 mW), all the particles in the heterogeneous mixture reach terminal velocity; in this case, separation is based on the variation in particle velocity with particle size. Moreover, our results show that particle interactions have a strong effect on particle flow, and that our separation methods function well in the presence of particle interactions. This type of separation via evanescent fields represents an operating regime for label-free, spatial separation of particles by size along the waveguide.
Theory and simulation results
When a particle suspended in fluid is propelled by an optical force, it experiences primarily four forces, as summarized in the equation of motion below:
where m is the particle's mass, F p is the optical propulsion force from the guided field, F s is the optical force from the scattered optical fields from the beginning of the waveguide due to non-guided exponentially-decaying modes, F D is the drag force produced by the fluid, and F f is the mechanical frictional force between the surface of the particle and the waveguide. Based on this equation of motion, we construct a model to simulate particle trajectories and to investigate particle separation. For each of the forces in the equation of motion, we provide a heuristic analytic representation or a numerical calculation:
The drag force on a spherical particle, F D , is well documented in literature, and is equal to
where η is the viscosity of the fluid with Faxen's correction [18] , R is the particle radius, and v(t) is the velocity of the particle at time t. In the Faxen correction we take the distance from the particle center to the waveguide surface to be the particle radius in addition to 10nm to match COMSOL simulations. The frictional force, F f , is represented with the rolling frictional force model [19] . Previous works have investigated rolling friction for micron-sized silicia particles for the measured lateral force equation. We have adapted this model for our case and chosen values for the rolling adhesion force for silicia particles in water [20] . The analytic representation for the rolling friction is given by the following equation:
where μ ro is the rolling friction coefficient, β accounts for the buoyancy force of the particle in water, and g is Earth's gravitational constant. The mass of the particle is calculated as m = ρ glass V = ρ glass (4/3)πR 3 , where ρ glass = 2.5 g/cm 3 . The buoyancy factor was computed as β = ((ρ glass -ρ water )/ρ glass ) = 0.60. The values for the coefficient of rolling friction were chosen to match the AFM roughness of the silicon nitride surface and is μ ro = 3.5e-4 [19] . The optical gradient force, F g was computed numerically and will be discussed in the next section. The rolling adhesion force, h ro was chosen for silicia particles in water at a distance of 10 nm from the surface (as simulated in COMSOL) and ranged from 0 to 0.25nN based on particle size [19] .
The optical force from the guided power can be computed numerically using COMSOL given the waveguide geometry and particle size. The total force on the particle is composed of a force directed toward the waveguide and forward in the direction of light propagation [9] . These optical forces are called the gradient (F g ) and propulsion force (F p ). In simulations, the 3D waveguide model geometry consisted of a substrate region, a water region, a waveguide strip region and a sphere region shown in Fig. 1 . The waveguides themselves were 10 μm wide with a 200-nm thick Si 3 N 4 strip deposited on SiO 2 . In Fig. 1 the x-direction is in the direction of light propagation, the y-direction is in the direction of the width of the waveguide, and the z-direction is in the direction of waveguide thickness. The simulated particle was placed 10 nm away from the waveguide surface and the length of the waveguide was set to 4 μm. The 10 nm distance was chosen from expected particle collisions leading to surface force detachment [21] . The detachment was approximated to be the distance at which the attractive and repulsive surface forces transition occurs [20] . Simulation times for the different particle sizes varied between 2 and 24 hours depending on the particle size. We used a fine mesh on the waveguide and particle structures and a Maxwell Stress Force Tensorderived value in COMSOL to calculate the optical force on the particle in the x-direction. The input optical power was 1W and we studied TE polarization because the waveguide has been optimized for this polarization [9] . Table 1 gives a summary of the relationship between optical forces and particle sizes; we were unable to simulate diameters above 4 μm due to limitations in computer memory. It is interesting to note the overall linearity of optical forces with the diameters of the simulated glass particles. In previous papers a similar linear trend can be extracted for particle sizes between 1 and 4μm particle diameters, but it is important to note that this trend is not linear for the entire range of particle sizes [8, 9] . The scattering force at the beginning of the waveguide, F s , can be approximated from the unguided light from the beginning of the waveguide. The power of unguided light falls off 1/x 2 , which also results in a scatter force that falls off as 1/x 2 [22] . Analytically, the scattering force is described as:
where x 0 is the distance between the beginning of the waveguide to the input laser source, and F s0 is used to normalized F s (x = 0). F s (x = 0) for each particle size is found from applying the calculated optical force with the unguided light at the coupling interface of the waveguide.
Having the descriptions of the forces experienced by the particle, we can numerically evaluate the equation of motion and obtain the trajectory of particles with different sizes at different guided powers. Four particles with diameters of 1 μm, 2 μm, 3 μm, 4 μm were analyzed, and Fig. 2 displays the trajectories of these particles at guided power levels of 1 mW (a) and 40mW (b). In Fig. 2(a) , we see that the large particle get initial momentum from the scattering force and come to a gradual stop, whereas small particles are able to continue their motion down the waveguide. Thus, we can separate smaller particles from larger particles. In Fig. 2(b) , however, we observe that at a much higher guided power, all four particles reach terminal velocity and proceed down the waveguide. We define the terminal velocity of a particle to be when the drag and electromagnetic forces on the guide become equal [14] . In this scenario, large particles travel faster than smaller ones, which suggests an alternative mechanism for separation by size. This result is in agreement with other theoretical predictions that the forward velocity of the particle increases with size for high guided powers [8] . Based on the theoretical model, we propose the existence of two different particle separation mechanisms: threshold velocity separation (<30 mW) and terminal velocity separation (>30 mW). For threshold velocity separation, we expect, at steady state, that small particles travel along the waveguide while the large particles come to a gradual stop, thereby allowing us to separate small particles from larger ones. On the other hand, in terminal velocity separation, large particles travel faster than small particles and reach the end of the waveguide before the smaller particles, which also enables separation.
This predicted motion behavior can be attributed to the effects of the frictional force, F f . The friction force is dominated by the optical gradient force which increases by particle radius. Therefore, large particles would always experience a larger friction force than smaller particles. When F p is small (threshold velocity separation), there exists a region where F p > F f, for small particles, causing small particles to move, whereas F p < F f, for large particles, which keeps them stationary. However, under large guided powers (terminal velocity separation), F p dominates F f for all particle sizes, in which case F p dictates the particles' trajectories. Based on the COMSOL results, large particles experience a larger F p than smaller particles, which explains why large particles move faster than small particles for guided powers > 30 mW.
Experimental procedures
We fabricated waveguides on a silicon substrate covered by 2 μm of SiO 2 and ~200 nm of Si 3 N 4 . SiO 2 was grown by thermal oxidation while Si 3 N 4 was deposited by low-pressure chemical vapor deposition and etched into 10 μm-wide waveguides by reactive ion etching. Waveguide film quality in terms of roughness was determined using Atomic Force Microscopy (AFM) on the Si 3 N 4 waveguide surface. The RMS roughness of the waveguide was found to be 2.6 nm, which is in accordance with that obtained by others when Si 3 N 4 is deposited atop ~2 μm of SiO 2 [23] . Figure 3 shows a 3-D AFM profile of the Si 3 N 4 waveguide surface. The strip waveguides were single-mode in the vertical direction and multimode in the horizontal direction. The guide is optimized for TE polarization in the vertical direction to take advantage of the optical forces from the evanescent fields [9] . The experimental setup consisted of a 1550-nm semiconductor laser with a tapered lensed fiber pigtail emitting a 2.5-μm spot coupled into the silicon nitride waveguide at a 14-μm working distance. The propagation loss plus the coupling loss was ~10 dB for a 1-cm long Si 3 N 4 waveguide. This loss was found by aligning a single-mode fiber to the output side of the strip waveguide connected to a power meter. The input/output fiber and waveguide were mounted on XYZ translation stages connected to 3-Channel Piezo Controllers (ThorLabs MDT693A) to optimize the coupling.
To test the ability of the waveguide to separate particles of varying sizes, we conducted an experiment in which a heterogeneous mixture of glass particles (size range 2-10 μm) suspended in distilled water was placed on the guide, and we varied the input power from the laser. The suspensions were pipetted onto the waveguide until the entire waveguide was fully covered with liquid. Propulsion of the particles was observed with a CMOS camera and a 50X objective lens (NA = 0.42), which were mounted above the waveguide setup.
The locations of differently sized particles were evaluated from an image of the separated particles by ImageJ, which provided an intensity line scale of the particles along the waveguide. Individual line scans across each particle on the waveguide were used to determine the size of the particles based on the width of their intensity distributions. 
Experimental results

Effect of single and multiple particle collisions
Particle collisions are inevitable when attempting to separate particles on strip waveguides. Unlike previous work [15] that dealt only with single-particle propulsion, we investigated the effect of particle interactions on the measured velocity of particles.
We observed that when the waveguide is wide enough to accommodate two different particle sizes (thus the evanescent field can interact with both particles), the particle with the higher velocity may ultimately overtake a downstream particle and collide with it, thus affecting the velocity of both particles. During a collision, we observed that faster particles have the ability to move slightly off the waveguide to bypass slower particles.
We conducted an experiment to investigate particle collisions at a guided power of ~10 mW. At this power, only 2-μm glass particles have the ability to move down the waveguide while all other particle sizes are stationary. We observed collision of a propelling 2-μm glass particle with a stationary 10-μm particle and compared it to the control cases of a 2-μm particle moving unperturbed, as shown in Fig. 4(a) . Figure 4(b) shows the trajectory of the 2-μm particle for the two cases. Region A shows the particle trajectory in which the particle collision occurs and region B shows the region in which the particle has overcome the larger particle.
The overall measured average velocities of the 2-μm particle during the 25-s interval of observation were 4.162 μm/sec (no collisions) and 2.787 μm/sec (particle collision) with a linear fit of R 2 = 0.9857 and 0.9735. However, after the collision (region B-15 seconds onwards) the curves again have a similar slope: 4.621 μm/sec (no collisions) and 4.117 μm/sec (particle collision) with a linear fit of R 2 = 0.9926 and 0.9979. This suggests that the particle recovers to the same terminal velocity after the collision, but that particle collisions will change the measured average velocity of a particle over the full length of the strip waveguide. Since the inherent terminal velocity of the particle does not change, particles with larger terminal velocities will overcome slower particles after a collision occurs.
Single and multiple particle collisions between 2-μm and 4-μm particles were also investigated and show that additional collisions decrease the measured velocity further. 2-μm particles were placed and dried on the strip waveguide to ensure they would not move during the experiment. We conducted the experiment at a guided power of 11 mW to stay well below the threshold for the larger particle propagation and at the start of 4-μm particle propagation. Figure 5 (a) and 5(b) shows single and multiple particle collisions between 4-um particles with stationary 2-um beads. The overall measured velocity of the 4-μm particle during the 43-s interval of observation is 0.51 µm/sec (single collisions) and 0.28 µm/sec (multiple collisions) with a linear fit of R 2 = 0.954 and 0.9324. However, observing the particle velocity after a particle collision (region B-25 seconds onwards) shows that the curve has a larger slope: 0.758 µm/sec (single collision) with a linear fit of R 2 = 0.9968. Similar to our results in Fig.  4 (b), we observe that particle collisions can change the measured average velocity of a particle due to collisions compared to unperturbed propulsion (region B). We additionally show that increasing the number of collisions lowers the measured average velocity of a particle as seen between Fig. 5(a) and 5(b) . It was also observed that after a 2-μm particle collided with a 10-μm particle it was pushed off the waveguide and was attracted back to the edge of the waveguide. This can be observed from still recordings of a collision instance in Fig. 6 . From observing several separate instances of particle collisions it was found that particles smaller than 4 μm could stabilize and travel down the waveguide at different positions along the width of the waveguide. This is likely due to the relative size of the waveguide width compared to the particles and the multimode nature of the waveguide in the y-direction (Fig. 1) . Fig. 5 . Effects of single and multiple particle collisions Fig. 6 . Representative still recording of a particle collision event. The laser is turned on at time t = 0. The series of pictures documents the interaction between a 10-μm and 2-μm particle at a guided power of 10 mW. The 10-μm particle is stationary while the 2-μm particle is propelled forward by the optical force. Figure 7 shows the measured particle velocities as a function of guided power for a mixed particle suspension containing 2-10-μm glass particles. Each point represents the averaged velocities of four different particles for that size along the waveguide. It should be noted that our results from the previous section suggest that this method of averaging interacting particles to obtain a velocity likely results in lower velocity profiles compared to particles that do not interact with one another. However, in spite of these lower averaged velocities the data shows clearly that velocity is size dependent. Figure 7 shows the variation in particle velocity versus guided power for several particle sizes. With the upper bound of guided power in our system at 40 mW, we define threshold velocity separation to be at guided powers below 30 mW and terminal velocity separation to be above 30 mW. Note the distinct, particle-specific threshold at which the 4-10-μm particles begin propulsions along the guide. Larger guided powers are required to move larger particles, which ultimately obtain higher propulsion velocities. Threshold guided powers are shown in Fig. 7 : at 10 mW, the 2-μm particle experiences enough force to move down the guide; at 11 mW, the 4-μm particle also begins to move; at 13 and 25 mW, we show continued propulsion of the 2-and 4-μm particles since the larger particles do not reach terminal velocity (thus are stationary), and at 38 mW the 8-and 10-μm particles have enough force to propel down the waveguide and all particles on the guide are moving.
Distribution of propulsion velocities
From this distribution, we determined that 38 mW is the minimum guided power required for terminal velocity separation of particles based on size, as the particles ordered themselves from largest to smallest as shown in Fig. 7 . Fig. 7 . A heterogeneous mixture of 2-10-μm particles and their terminal velocity at various input powers. At each set of guided powers, particles that are not displayed on the graph are stationary at the beginning of the waveguide.
Complimentary separation techniques
As shown from Fig. 7 there are two distinct complimentary separation techniques based on the variation of guided power through the silicon nitride waveguide. These two techniques can be utilized for the separation of particles by size. For example, if the user only needs to extract the smallest particles out of a sample then they may operate in the threshold velocity separation regime for their sample set. On the other hand, if the user would like to separate all the particles by size then they can operate in the terminal velocity separation regime.
Threshold velocity particle separation operates with minimal guided powers (<30 mW) and exploits the ability of small particles to move beyond the reach of the scattering force and reach terminal velocity while larger particles do not. Notably, the larger particles do move specific distances away from the input of the waveguide and then stop as the scattering forces diminish, as detailed in Section 2.
Terminal velocity particle separation can be implemented at higher guided powers (>30 mW). In this regime, all the particles in a heterogeneous mixture (2-10 μm) move down the waveguide. This mechanism allows the system of particles to be spatially separated by size, as the particles move down the waveguide at different velocities. For example, at a guided power of 38 mW, the larger particles were pushed to the front, ahead of the smaller particles. The particles were thus observed to order themselves by size with the largest particles at the front of the line. This result is in line with the predicted behavior described in Section 2, Fig.  2(b) . Figure 8 shows our experimental results of terminal velocity separation. Particles located laterally within a few microns of the waveguide were automatically captured and spatially separated by size. The separated particles were measured 1.5 cm from the waveguide input. Figure 8 shows the breakdown of the relative positions of the particles on the 10-μm wide waveguide. With the exception of one 4-μm particle, all particles are properly ordered and separated according to size within 30 seconds. These results show an 83% separation efficiency for 4-µm particles and a 100% separation efficiency for 2-µm, 8-µm, and 10-µm particles. 
Discussion
Our theory predicts the overall observed experimental results, however the experimental results are complicated by particle collisions. It is evident that particle collisions result in lower averaged velocities and each subsequent collision leads to a decrease in measured velocity. To quantify the effects of collisions, we compare theoretical predictions without collisions (Section 2) to experimental results with collisions for 2-μm and 4-μm particle sizes (Section 4) in Fig. 9 and Fig. 10 , respectively. Figure 9 (a) represents particle velocities for 2-μm and 4-μm particles versus guided powers from our theoretical model in Section 2. A crossover between the 2-μm and 4-μm particle velocities is highlighted in Fig. 9(b) , which ultimately causes the 4-μm particle to move faster than the 2-μm particle at guided powers below ~6 mW. A similar crossover and particle dominance between 2-μm and 4-μm particle velocities is seen in the experimental results of Fig. 10(b) , albeit at a much higher guided power of ~35 mW. Another difference between the two results is the higher theoretically predicted velocities (Fig. 9(a) ) than are observed experimentally ( Fig. 10(b) ) for the same guided powers.
The key difference between the theoretical model and the experimental setup is the existence of particle collisions. The theoretical model does not take collisions into account, while our experimental system exhibits multiple particle collisions between different particle sizes. We discussed in Section 4.1 the effect of single and multiple particle collisions on measured velocities. This suggests that the higher crossover point and the lower velocities in the experimental results compared to theoretical simulations are due to particle collisions.
Using ImageJ we monitored the number of collisions that the 2-and 4-um particles experienced and the absolute velocity decrease that occurred from each collision. The decrease in particle velocity from the number of collisions was subtracted from the theoretical velocity results from Fig. 9 (a) and plotted in Fig. 10(a) . This reveals that once multiple collisions were taken into account in the theoretical results, we were able to find a similar velocity crossover to match experimental results. In future works, we intend on modeling randomized particle collisions due to the particle separation on waveguides to automate the predicted velocity decrease per collision.
Thus, while the collisions lead to a decrease in the measured velocity, the theoretical model and experimental results still agree on the relative velocities between particles. Our theoretical model, which neglects particle interactions, is therefore still useful as it illuminates important phenomena and points to applications of threshold and terminal velocity separation. However, when factoring in the decrease in velocity per collision we obtain an even more robust comparison to experimental values. 
Conclusion
We demonstrate two complementary strategies for optical separation on silicon nitride waveguides with guided powers below 40 mW. Both techniques can separate a heterogeneous mixture of particles even in the presence of particle interactions. Furthermore, while others have suggested that particle interactions may be a potential issue in particle propulsion [15] , we demonstrate that particle interaction leads to lower measured velocities, but does not affect the overall effect of separating particles via the evanescent field. The threshold particle separation method takes advantage of frictional forces to achieve a binary separation between two groups of particle sizes. This method can be implemented with a single microfluidic channel to input a sample and extract cells out of the end of the guide. In contrast, terminal velocity particle separation relies on differences in relative particle velocities for particle separation. The latter technique has the ability to be integrated with a microfluidic channel for collecting different particle sizes at the output for sorting. Since this technique relies on the relative particle velocities for spatial separation, propagation of different particle sizes along the waveguide will interfere with the separation implementation. A timing technique with microfluidic channels would be required for practical sorting implementations of this technique.
Our paper focuses on separation of a heterogeneous mixture of glass particles of different sizes. Based on other work [9] , translating this technique to cells will require an increase in guided powers due to the low refractive index contract between the cells and surrounding medium. However, the methodology and results we provide in this work still hold for different particle types with a shift in guided power required to propel the particles.
In conclusion, threshold and terminal velocity particle separation are demonstrated as optical separation techniques with glass microparticles on silicon nitride strip waveguides and are viable strategies for integrated microfluidic, on-chip sorting.
